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1 introduction 


Let Lp t? be an (n + p)-dimensional connected semi-Riemannian manifold of index p (> 0). 
It is called a semi-definite space of index p. In particular, Le is called a Lorentz space. A 
hypersurface M” of a Lorentz space is said to be spacelike if the metric on M” induced from that 
of the Lorentz space is positive definite. When the Lorentz space is of constant curvature c, we call 


it Lorentz space form, denote by M; (o). When c > 0, M (o) = S?*1(c) is called an (n + 1)- 


dimensional de Sitter space; when c = 0, M (o) = L?" (c) is called an (n + 1)-dimensional 
Lorentz-Minkowski space; when c < 0, M (o = H? (e) is called an (n +1)-dimensional anti-de 
Sitter space. 

In 1981, it was pointed out by S. Stumbles [20] that spacelike hypersurfaces with constant mean 
curvature in arbitrary spacetime come from its relevance in general relativity. In fact, constan- 
t mean curvature hypersurfaces are relevant for studying propagation of gravitational radiation. 
Hence, many geometers studies the complete spacelike hypersurfaces with constant mean curva- 
ture H in Lorentz space forms M (c). For instance, A.J. Goddard [8] proposed the following 


Conjecture: 


Conjecture 1. If M” is a complete spacelike hypersurface of de Sitter space Si (c) with constant 
mean curvature H, then is M” totally umbilical ? 
J. Ramanathan [19] proved Goddard’s conjecture for S?(1) and 0 < H < 1. Moreover, when 
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H > 1, he also showed that the conjecture is false. When H? < cif n = 2 or when n? H? < 4(n—1)c 
if n > 3, K. Akutagawa [1] proved that Goddard’s conjecture is true. S. Montiel [13] solved 
Goddard’s problem without restriction over the range of H provided that M” is compact. There 
are also many results such as [10, 15]. 

On the other hand, concerning the study of spacelike hypersurfaces with constant scalar cur- 


vature in a de Sitter space, H. Li [11] proposed the following problems: 


Conjecture 2. If M"(n > 3) is a complete spacelike hypersurface in de Sitter space S?t*(1) with 


constant normalized scalar curvature R satisfying ues < R< 1, then is M” totally umbilical ? 


Conjecture 3. If M” is an n-dimensional compact spacelike hypersurface in de Sitter space 
S'*'(1) with constant scalar curvature, then is M” totally umbilical ? 

In 1997, H. Li [11] partially proved Conjecture 3 in de Sitter spaces S?*1(c) and obtained 
Theorem 1.9([11, Theorem 4.3]). 

Recently, F.E.C. Camargo et al. [4] proved that Conjecture 2 is true if the mean curvature H 
is bounded. There are also many results such as [3, 5] and [9]. 

It is natural to study complete or compact spacelike hypersurfaces with constant mean curvature 
or constant scalar curvature in the more general Lorentz spaces. In 2004, J. Ok Baek, Q.M. Cheng 
and Y. Jin Suh [16] studied the complete spacelike hypersurfaces with constant mean curvature 
H and gave some rigidity theorems in locally symmetric Lorentz spaces as Recently, J.C. Liu 
and Z.Y. Sun [12] studied the complete spacelike hypersurfaces with constant normalized scalar 
curvature R and obtained some rigidity theorems in locally symmetric Lorentz spaces Le, 

In this paper, firstly, we recall that Choi et al. [6, 16, 21] introduced the class of (n + 1)- 
dimensional Lorentz spaces Lt! of index 1 which satisfy the following conditions for some con- 
stants cı and co: 


(i) for any spacelike vector u and any timelike vector v 


K(u,v) =-%2, (1.1) 
n 
(ii) for any spacelike vectors u and v 
K(u,v) > ca, (1.2) 


where K denotes the sectional curvature on L}. 
When L''t? satisfies conditions (1.1) and (1.2), we will say that L} ™ satisfies condition (*). 


Remark 1.1. It is obvious that the Lorentz space form Mi" (o) satisfies condition (*) for — = = 
C=C. 

There are several examples of Lorentz spaces which are not Lorentz space forms and satisfy 
condition (*). For instance, semi-Riemannian product manifold Hf(—“) x N"*1~*(c9),c, > 0, 
and R} x 9”+1-k(1). In particular, Rt x $"(1) is a so-called Einstein Static Universe. Also the 
Robertson- Walker spacetime N(c, f) = I x + N%(c) is another general example of Lorentz space, 
where J denotes an open interval of Rj and f > 0 a smooth function defined on the interval J, 
N?(c) a 3-dimensional Riemannian manifold of constant curvature c. N(c, f) also satisfies (*) if 
we choose an appropriate function f. For more details, we refer the readers to [6, 16, 21] 

In order to present our main theorems, we will introduce some basic facts and notations. Let 


Rop be the components of the Ricci tensor of L}! satisfying (*), then the scalar curvature R of 


L"*} is given by 


n+1 n n n 
R= 5 eaRaa = —2 X Rint) F 5 Rijji = 2c1 + bo Rijji- 
A=1 i=1 ij=l ij=l 


It is well known that R is constant when the Lorentz space L''** is locally symmetric, so D j=1 Rijji 


is constant. From (2.3) in Section 2, we can define a P such that 


n 


n(n- 1)P =n?H? -S= X Ryn- n(n- 1)R. (1.3) 
i j=1 
Hence, when M” is a spacelike hypersurface in locally symmetric Lorentz spaces piri satisfying 
(x), we conclude from (1.3) that the normalized scalar curvature R of M” is constant if and only 
if P is constant. 
Next we will introduce a notion for linear Weingarten spacelike hypersurfaces in a locally 


symmetric Lorentz space L} +! satisfying (*) as follows: 


Definition 1.2. Let M” be a spacelike hypersurface in a locally symmetric Lorentz space iS 
satisfying (x). We call M” a linear Weingarten spacelike hypersurface if the normalized scalar 
curvature R and the mean curvature H of M” satisfy the following conditions: eR = aH + bı, 


where e, a,b, are constants and e? + a? Æ 0. 


Remark 1.3. Let e = 0 and a Æ 0 in Definition 1.2, a linear Weingarten spacelike hypersurface 
M” reduces to a spacelike hypersurface with constant mean curvature H. Let a = 0 and e Æ 0 in 
Definition 1.2, a linear Weingarten spacelike hypersurface M” reduces to a spacelike hypersurface 
with constant normalized scalar curvature R. Hence, the linear Weingarten spacelike hypersurfaces 
can be regarded as a natural generalization of spacelike hypersurfaces with constant mean curvature 
H or with constant normalized scalar curvature R in a locally symmetric Lorentz space ie 
satisfying (x). 

In 2010, J.C. Liu and Z.Y. Sun [12] gave partial generalizations of Conjecture 2 and [4, Theorem 


1.2] in locally symmetric Lorentz spaces Lt! satisfying (*) and obtained the following result. 


Theorem 1.4([{12]). Let M"(n > 3) be a complete spacelike hypersurface with constant normalized 
scalar curvature R in a locally symmetric Lorentz space i? satisfying (x). Suppose that M” 
has bounded mean curvature H. If the constant P defined by (1.3) satisfies 0 < P < 2c and 
c= 2c2 + & > 0, where c1, c2 are given as in (*), then M” is totally umbilical. 

In 2008, F.E.C. Camargo, R.M.B. Chaves and L.A.M. Sousa Jr.[4] studied the complete space- 
like hypersurfaces with constant normalized scalar curvature R in de Sitter spaces S?" (c) and 


proved the following result. 


Theorem 1.5([4]). Let M"(n > 3) be a complete spacelike hypersurface with constant normalized 
scalar curvature R in a de Sitter space sH (e). If the squared length S of the second fundamental 
form of M” satisfies 

sup S < 2yn — Ic 
and R < c, then M” is totally umbilical. 


In Section 3, by modifying Cheng-Yau’s operator O given in [7], we study complete linear 


Weingarten spacelike hypersurfaces in a locally symmetric Lorentz space L} +! satisfying (*) and 
give generalizations of Theorem 1.4([12, Theorem 1.2(i)]) and Theorem 1.5([4, Theorem 1.2]). 
Thus, we get Theorems 1.6 and 1.8. 


Theorem 1.6. Let M"(n > 3) be a complete spacelike hypersurface in a locally symmetric Lorentz 
space L}™! satisfying (*). Suppose that M” has bounded mean curvature H. If the normalized 
scalar curvature R and the mean curvature H of M” satisfy the following conditions: R = aH +b, 
bb = Arty Liga Rijji — b, (n—1)a?+4nb>0,a20,b0< 2c and c = 2cp + 4 > 0, where a,b, 


bı are constants and c1, C2 are given as in (x), then M” is totally umbilical. 


Remark 1.7. It is well known that R is constant when the Lorentz space i is locally symmetric, 
so pD jel Rij ii is constant. Hence bı is constant. When we take a = 0 in Theorem 1.6, combining 
(1.3), we obtain that P = b is constant and 0 < P< 2, Hence, Theorem 1.6 is a generalization of 
Theorem 1.4. If a = 0 and L{*? is the de Sitter space S7**(c) in Theorem 1.6, then —& = cp =c 


and 0 < b = c — R < * following from (1.3). At the same time, 0 < b = c — R < & becomes 


n—2 
n 


F.E.C. Camargo et al. in [4], saying that a complete spacelike hypersurface M” (n > 3) in a de 


c< R< cand R is constant. Hence, Theorem 1.6 is also a generalization of the result due to 


Sitter space S?! (c) with constant normalized scalar curvature R satisfying r-e < R < c must 
be totally umbilical provided that M” has bounded mean curvature H. 

For example, we consider the spacelike hypersurface immersed into S?™! (1) defined by Tk r = 
{x € SP*1(1)|—a2+a?+...+2? = — sinh? r} , where r is a positive real number and 1 < k < n—1. 
Ty, r is complete and isometric to the Riemannian product H*¥(1 — coth? r) x S”7¥(1 — tanh? r) of a 
k-dimensional hyperbolic space and an (n — k)-dimensional sphere of constant sectional curvatures 
1 — coth?r and 1 — tanh? r, respectively. It follows from [9] that if k = 1, then R satisfies 
0<R=" (1—-tanh’r) < "=; similarly, if k = n— 1 > 2, we see that R = "=?(1—coth?r) < 0. 
Thus, for any R satisfying 0 < R < noe and for any R < 0, we can choose r such that the 
hypersurfaces Tı, and T;,-1,,, respectively, are complete, non-totally umbilical and have constant 
normalized scalar curvature R. Hence, when M” (n > 3) is a complete spacelike hyperusrface, the 
hypothesis that 0 < P < 2c is essential to umbilicity of M” in Theorem 1.4. Without assumption 
that the normalized scalar curvature R is constant in Theorem 1.6, we generalize the assumption 
condition 0 < P < 2e in Theorem 1.4 to more general situations. Hence, the hypothesis that 
R = aH + b is essential to umbilicity of M” in Theorem 1.6, where bı = wnat) Dij- Rijji— b, 
(n — 1)a? + 4nb > 0, a > 0, b < & and c = 2c + & > 0. 


Theorem 1.8. Let M” (n > 3) be a complete spacelike hypersurface in a locally symmetric Lorentz 
space DoE satisfying (x). Suppose that the squared length S of the second fundamental form of 
M” satisfies sup S < 2\/n — 1c, where c = 2cg+ “ and cı, C2 are given as in (x). If the normalized 
scalar curvature R and the mean curvature H of M” satisfy the following conditions: R = aH +by, 
bb = aD et Rij ji —b, (n—1)a? +4nb > 0, anda > 0, where a,b and bı are constants. then 
M” is totally umbilical. 

In 1997, H. Li [11] partially solved Conjecture 3 in de Sitter spaces SP+! (c) and obtained the 


following result. 


Theorem 1.9([11]). Let M"(n > 3) be a compact spacelike hypersurface with constant normalized 
scalar curvature R in a de Sitter space S?*'(c). If 2=2ce< R<c, then M” is totally umbilical. 
In 2010, J.C. Liu and Z.Y. Sun [12] gave a generalization of Theorem 1.9 in a locally symmetric 


Lorentz space L?}™' satisfying («) and obtained Theorem 1.10. 


Theorem 1.10([12]). Let M"(n > 3) be a compact spacelike hypersurface with constant normal- 


ized scalar curvature R in a locally symmetric Lorentz space L}™" satisfying (*). If the constant P 


defined by (1.3) satisfies 0 < P < & and c = 2cp+ & > 0, where c1, cz are given as in (*), then 
M” is totally umbilical. 


In Section 4, by using Cheng-Yau’s operator O given in [7], we study compact linear Wein- 
garten spacelike hypersurfaces in a locally symmetric Lorentz space Le satisfying (x) and give 
generalizations of Theorem 1.9([11, Theorme 4.3]) and Theorem 1.10([12, Theorem 1.1]). Then, 
we obtain Theorems 1.11 and 1.13. 


Theorem 1.11. Let M"(n > 3) be a compact spacelike hypersurface in a locally symmetric Lorentz 
space L*" satisfying (x). If the normalized scalar curvature R and the mean curvature H of M” 
satisfy the following conditions: R = aH + by, bı = zT pan Rijji— b, (n— 1)a? + 4nb > 0, 
a>o0,b< 2, and c = 2c2 + 2 > 0, where a,b,bı are constants and cı, c2 are given as in (*), 


then M” is totally umbilical. 


Remark 1.12. When we take a = 0 in Theorem 1.11, we know that P = b is constant and 
0<P=b<K< 2, Thus, Theorem 1.11 generalizes Theorems 1.9 and 1.10. 


Theorem 1.13. Let M” (n > 3) be a compact spacelike hypersurface in a locally symmetric Lorentz 
space DH satisfying (x). Suppose that the squared length S of the second fundamental form of 
M” satisfies S < 2\/n—I1c, where c = 2c. + | and cı, c2 are given as in (*). If the normalized 
scalar curvature R and the mean curvature H of M” satisfy the following conditions: R= aH +b, 
bı = Cael Soe Rijji— b, (n—1)a? + 4nb > 0 and a> 0, where a,b and bı are constants. then 
M” is totally umbilical. 


Remark 1.14. In this paper, the spacelike hypersurfaces M” in Theorems 1.6, 1.8, 1.11 and 1.13 


satisfying R = aH + b; are linear Weingarten spacelike hypersurfaces in Definition 1.2. 


2 Preliminaries 


In this section, we will introduce some basic facts and give estimate the Laplacian AS of the 
squared length S of the second fundamental form for spacelike hypersurfaces in locally symmetric 
Lorentz spaces L} +! satisfying (*). We shall make use of the following convention on the ranges 
of indices: 1 < A, B,C,...<n+1; 1 <i,9,k,...< 0. 

We assume that M” is a spacelike hypersurface in Lorentz spaces ieee Choose a local field 
of pseudo-Riemannian orthonormal frames {e1,...,€n41} in LY} such that, restricted to M”, 
{e1,...,@n} are tangent to M” and en+ı is normal to M”. That is, {e1,...,e,} are spacelike 
vectors and en+1 is a timelike vector. Let {wa} and {wasg} be the fields of dual frames and the 
connection forms of LTA, respectively. Let e; = 1,€,41 = —1, then the structure equations of 


L} ™ are given by 


dwa =—} eBwAaB NWB, WAB +WBA =Q, 
B 
A _ 
dwap =-—} ecwac Awose — 5 } écepRascpwc A wp. 
C C,D 


Here the components Rep of the Ricci tensor and the scalar curvature R of Lorentz spaces L?*! 


are given, respectively, by 


Rep = 5 epRecps, R= 5 eaRaa- 
B A 


The components Rago D;gz Of the covariant derivative of the Riemannian curvature tensor R are 
defined by 

5 cerRagcp;rwe = dRagcp — 5 cep(REBCDWRA 

E E 


+ Rarcowes + RABEDWEC + RABCEwED). 


We restrict these forms to M” in DITE, then wn+ı = 0. Hence, we have >>, Win41)i Awi = 0. 
Using Cartan’s lemma, we know that there are hj; such that wn+1)i = >, hijwj and hij = hji, 
where the hij are the coefficients of the second fundamental form of M”. This gives the second 
fundamental form of M”, h = Dij hijwi 8 wj. 

The Gauss equation, components R;; of the Ricci tensor and the normalized scalar curvature 


R of M” are given, respectively, by 


Rijki = Rijri — (hahjk — hikhji), (2.1) 
Rij = 5 Rrije — nH hij + 5 hikħkj, (2.2) 
k k 
n(n = 1)R = X Rij — n? R? +5, (2.3) 
i,j 


where H = +> jhj; and S = di), , h;, are the mean curvature and the squared length of the 
second fundamental form of M”, respectively. 


Let hijk and hyjx, be the first and the second covariant derivatives of hij, respectively, so that 


y hijkwk = dhij — 5 hikWkj — 5 ħkjWki, 
k k k 
> hijkıiwı = dhijk — > hijkwti — 3, hikwij — 2 hijwik: 
1 l i i 


Thus, we have the Codazzi equation and the Ricci identity 


hijk — hing = Rn+1)ijk» (2.4) 


hijri — hijik = — X himRmjrt — X hjmRmikt- (2.5) 


Let RABCD;E be the covariant derivative of Ragcp. Thus, restricted on M”, Rent1)igksl is given 
by 
Reansryijet = Rartyize + Rengvaneneyt + Rertryij(nti) het + 5 Rmijkhmis (2.6) 


where Rn+1)ijk;1 denotes the covariant derivative of Rin+1)ijz as a tensor on M” so that 
XO Rensryightl = dRantiyijk — 5 Rent jijeoui 
i i 
= 5 Rent ryitkwry E 5 Rin+ijijiwik: 
i i 


Next we compute the Laplacian Ahi; = -y hijkk- From (2.4) and (2.5), we have 


Ahi = 5 hikjk + Rín+1)ijk;k 
k 


= 5 (mas = So (het Rij + ha Rikjk) + Rosam) . 
k 


l 


From hgik; = hgrij + Rin+iykin;js We get 


Ahy; = (nH )ij + 5 (Rintijijk;k + Rent iyeing) — So (her Ruiz + hiRinjk)- (2.7) 
k k,l 


From (2.1) and (2.6) and (2.7), we obtain 


Ahi; =(nĦ)ij + 5 (Rin+1)ijk;k + R(n+1)kik;j) = So (hee Rintiijn+) 
k k 


+ hig Rentsye(n+i)k) — 5 (2hr Rijk + hjtRikik + hit Ring) 
k,l 


— nH Y hahj + Shiz. 
l 
According to the above equation, the Laplacian AS of the squared length S of the second funda- 


mental form h;; of M” is obtained 


ZAS = X hee + 2a hay As 


4,j,k 


> = =) hiv + x (nH )ijhij + 5 (R (n+Dijk;ik + Rin+1)kik;j) hij 
q= i j,k AR 


(2.8) 
-|> nH hij Ren+1)ij(n41) +8 SOR Ri (n+1)k(n+1)k 
469 k 
-2 > (hrihij Rijk + hathig Ringe) — nH» hahijhij + 9. 
i j,k,l ijl 


~N Choose a local orthonormal frame field {e1,..., €n} such that h;; = Aiĝij, where A;, 1 < i < n, 
are principal curvatures of M”. Estimating the right-hand side of (2.8) by using the curvature 


conditions (*), the following lemma was obtained by J.C. Liu and Z.Y. Sun. 


Lemma 2.1 ({12, Lemma 2.1]). Let M” be a spacelike hypersurface in a locally symmetric Lorentz 


space LY+! satisfying (*), then 


= 1 2 2 3 
= AS > > ony + >, di(nH) i + ne(S — nH?) + (s -= g? x) , (2.9) 


i,j,k 


where c = 2c + 2 and cy, cz are given as in (x). 
In the following, we will continue to calculate AS for spacelike hypersurfaces in locally symmetry 


Lorentz spaces satisfying (*). Thus, we need the following algebraic Lemma. 


Lemma 2.2 ([2, 17]). Let uı,..., Hn be real numbers such that >; pi = 0 and >, uw? = B?, where 
B > 0 is constant. Then 
—2 
di ms < TaD (n —1) 
and equality holds if and only if at least n — 1 of the u;'s are equal. 

Let d= Dij ijwi Q wj be a symmetric tensor defined on M”, where ¢;; = hij — Hôij. It is 


= SBS 


easy to check that ¢ is traceless. Choose a local orthonormal frame field {e1,..., en} such that 
hij = Aidiz and $i; = piðij. Let |o]? = >>, w?. A direct computation gets 


lol? = S—nH? = n NA- A). (2.10) 


Hence, |¢|? = 0 if and only if M” is totally umbilical. We also get 
SoM = nH? +3H YO +50 pu}. 


By applying Lemma 2.2 to the real numbers 41,..., Hn, we obtain 


-nH N =- nH- 3H? X u? —nH Su 
i i f (2.11) 


-2 
>on2H na — OO gian. 


valin 1) 
Substituting (2.10) and (2.11) into (2.9), we obtain the following lemma. 
Lemma 2.3. Let M” be a spacelike hypersurface in a locally symmetric Lorentz space geet 
satisfying (*), then 
ZAS > Y he + PON OH)a + [62D an (10) (2.12) 


i,j,k 


where |$? = S —nH?, Liy)(|¢|) = lel? Tey lol tne — nH?, c= 2co+ 2 and c1, c2 are 
given as in (x). 


3 Complete linear Weingarten spacelike hypersurfaces in a 


locally symmetric Lorentz space L'*' satisfying (+) 


In this section, according to Cheng and Yau O given in [7], first we introduce a modified 


operator L acting on any C?-function f by 


Wes ae (3.1) 


L(f) = So (nH ôi; — hig) fig + 5 


tJ 


where a is constant. 


Cheng-Yau [7] gave a lower estimate of >7; ; ;, hi, p Which is very important in the proof of their 
theorem. They proved that, for a hypersurface in a space form of constant sectional curvature c, 
if the normalized scalar curvature R is constant and R > c, then J; jp hj, > n°|VH|?, where 
h; jk S are components of the covariant differentiation of the second fundamental form. 

For the spacelike hypersurfaces M” in a locally symmetric Lorentz space pori satisfying (*), 
without assumption that the normalized scalar curvature R of M” is constant, we also obtain the 
estimate J3; jp hij, > n°|VH]|? in the proof of Proposition 3.1. 

Next we will prove Propositions 3.1 and 3.3 which will play a crucial role in the proofs of 


Theorems 1.6 and 1.8. 


i,j,k 


Proposition 3.1. Let M"(n > 3) be a spacelike hypersurface in a locally symmetric Lorentz space 
iat satisfying (*). If the normalized scalar curvature R and the mean curvature H of M” satisfy 
the following conditions: R = aH +b, bı = Ce ire Rijji—b and (n—1)a? +4nb > 0, where 
a,b and bı are constants. then 


L(nH) > |¢/?L\x)(1¢l), (3.2) 


where ||? = S —nH?, Lip) (\¢|) = lel? — Srey lle + ne—nH?, c= 2c +% >0 and cy, cp 


are given as in (x). 


Proof. Choose a local orthonormal frame field {e1,..., €n} such that hj; = A;d;;. Since R = 
aH + by, it follows from (2.3) that 


n 


WH? -S= X` Rij —n(n—1)R = —n(n—1)(aH — b). (3.3) 
ij=l 
Noticing that nHA(nH) = $A(nH)? — n?|V H}, it follows from (3.1) and (3.3) that 
(n —1)a 
a,j 
1 2 772 
=nHA(nH) — X Ai (nHn 4 54 [S — n?H? + n(n — 1)b] (3.4) 
1 


— 2 2 
=5A5 — n?|VHP — 2 di (nH) ji. 


Thus, it follows from (2.12) and (3.4) that 
L(nH) > $ hyr — n? VHP + lẹ? La (IA), (3.5) 
i,j,k 
where |@|? = S — nH? and Lig (lél) = ll? — es Hol +ne—nH?. 
Differentiating formula (3.3) exteriorly yields 2 rr, hijhijk = 2n? H Hp +n(n—1)aHgx, then by 
using Cauchy-Schwarz inequality we have 


2 


ASY hln 24X |Y highige | = [2n? + n(n - 1)a]” VHP. (3.6) 
i,j,k k ij 


Combining (n — 1)a? + 4nb > 0 and (3.3), we have 


[2n?H + n(n — 1)a] * _ An?S = Ant H? + 4n3(n — 1)aH +n?(n—1)?a? 
— 4n? [n? H? + n(n — 1)(aH — b)| 


(3.7) 
=n?(n—1) |(n — 1)a? + 4nd] 
> 0. 
Thus, we conclude from (3.6) and (3.7) that 
XO h?r >? |VHP. (3.8) 


i,j,k 


Consequently, (3.2) follows from (3.5) and (3.8). Finally, Proposition 3.1 is proved. 


We also need the following lemma in the proof of Proposition 3.3. 


Lemma 3.2 ([18]). Let M” be an n-dimensional complete Riemannion manifold whose sectional 
curvature is bounded from below and F : M” — R be a smooth function which is bounded from 


above on M”. Then there exists a sequence of points {xp} € M” such that 
lim F'(a;,) = sup F, 
k- co 
lim |VF(az)| = 0, 
k- co 


jim sup max{(V?F(xx)) (X,X): |X| =1} <0. 
= co 


Proposition 3.3. Let M"(n > 3) be a complete spacelike hypersurface in a locally symmetric 
Lorentz space L} satisfying (*). Suppose that M” has bounded mean curvature H. If the nor- 
malized scalar curvature R and the mean curvature H of M” satisfy the following conditions: 
R=aH + by, bi = wnat ae Rij 5 — b, (n — 1)a? + 4nb > 0 anda > 0, where a,b and bı are 
constants, then there is a sequence of points {xp} E€ M” such that 


lim nH (x;,) = sup(nH), 


k-o0o 


jim |V(n1)(xx)| = 0, (3.9) 


lim sup (L(nH)(ax%)) < 0. 
k— oo 


Proof. Choose a local orthonormal frame field {e1,..., en} such that hij = A;iðij. If H = 0, the 
proposition is obvious. Let us suppose that H is not identically zero. By changing the orientation 
of M” if necessary, we may assume sup H > 0. In view of (3.1), L(nH) is given by 


L(nH) = X (nH — A;)(nH Jiu + Laki NOH )a. (3.10) 


a u 


Since (n — 1)a? + 4nb > 0, it follows from (3.3) that 


(Ai)? < S =n? H? + n(n — 1)(aH — b) 


(n—1)a]* (n-—1)a? 
2 
< þan 4 a] ; 
2 
Thus, it follows from (3.11) that 
1 
ajek” : ie (3.12) 
From (1.2) and (2.2), we have 
Ri = 5 Rkiik — nHhii + N (ha)? 
k k 
= H 
> > Rbkiik 2h + (hi)? 
k 
7 ne eer (3.13) 
E Rkiik T (ru 2 ) 4 
n? H? 
NC — Z` 


Since H is bounded, it follows from (3.13) that the sectional curvatures of M” are bounded from 
below. Therefore, we may apply Lemma 3.2 to the function nH, obtaining a sequence of points 
{zk} E€ M” such that 


lim nH (zp) = sup(nH), jim |\V(n1)(xx)| = 0, jim sup (nHu(£g)) < 0. (3.14) 
—00 0° 


oo 


Since H is bounded, taking subsequences if necessary, we can obtain a sequence of points {£} € 
M” which satisfies (3.14) and such that H (zp) > 0 (by changing the orientation of M” if necessary). 
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Since a > 0, it follows from (3.12) that 


0< nA (ax) + e — |Ai(xk)| <n A (zk) + a — Ài(Tk) 
<nH (er) + EEPE + ilen) (3.15) 
<2 [ane + a . 


Using once more the fact that H is bounded, we can conclude from (3.15) that {nH (£k) + &-Da E 
Ai(£k)} is non-negative and bounded. By applying L(nH) at xp, taking the limit and using (3.14) 
and (3.15), we obtain 


(n —1)a 


9 = x) (ap) ni (rx) 


; É : 
jim, sup (L(nH)(£k)) < 2 im sup (uit + 


<0. 


Finally, Proposition 3.3 is proved. 
Proof of Theorem 1.6. If M” is maximal, i.e., H = 0, according to Nishikawa’s result [14], 
we know that M” is totally geodesic. We can assume that H is not identically zero. Hence, by 
Proposition 3.3 we can obtain a sequence of points {x£} € M” such that 


m sup (L(nH)(xx)) < 0, lim (nH)(zķ) = sup(nH) > 0. (3.16) 


k= oo 


- From (2.10) and (3.3), we have 
= ||? = n(n — 1)(H? + aH — b). (3.17) 
In view of limg_,..(nH)(x,) = sup(nH) > 0 and a È 0, it follows from (3.17) that 

jim, |ol?(wx) = sup |¢)?. (3.18) 


Next, we will consider the following polynomial given by 


-2 
Lup |H|(2) = £? — PE) cen enemas 


We claim that 


Lsup |H| (sup lol) > 0. (3.19) 


Indeed, if sup H? < ay. then the discriminant of Lsup|#|(£) is negative. Therefore, we have 


n2 
Leup|H|(Sup|¢|) > 0. Suppose that sup H? > aut a. Let € be the biggest root of the equation 


Lup |H|() = 0, which is positive. We know that € is the only one root of Lgup|”|(a) if sup H? = 
4(n—1) 
ae TE 

If we can prove that (sup ||)” = sup |¢|? > €?, then we have sup |¢| > £. Hence, Lsup |z) (sup ||) > 
0. Since a > 0, b < 2° and c > 0, it follows from (3.17) that 


n 


sup |¢|? = n(n — 1)(sup H? + asup H — b) > (n — 1)(nsup H? — 2c). (3.20) 


By virtue of (3.20), it is straightforward to verify that 


sup|¢|? — ¿° 
—2 

> nT [n? sup H? — nsup H y/n? sup H? 4(n — 1)c — 2(n — 1)c}. 
n— 
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Thus, sup |¢|? — £? > 0 if and only if 


n? sup H? — nsup H yn? sup H? — 4(n — 1)e— 2(n — 1)e > 0. (3.21) 
Since nsup H > 0 in (3.16) and sup H? > Ane, we have 


n? sup H? — nsup H yn? sup H2 — 4(n — 1)e— 2(n — 1)c > 0 


Sn? sup H? — 2(n — 1)c > nsup H y/n? sup H? — 4(n — 1)c 

(n? sup H? — 2(n — 1)c)? > n? sup H’ (n? sup H? — 4(n — 1)c) 

#4(n —1)%c* > 0. 
Hence the inequality (3.21) is equivalent to 4(n — 1)?c? > 0, which is true because of c > 0. Hence, 
sup |¢|? — £? > 0, which proves our claim. 


Evaluating (3.2) at the points x, of the sequence, taking the limit and using (3.16) and (3.18), 
we obtain that 


0 > lim sup (L(nH)(ax)) 
PiU 

n(n — 1) 
=sup |O|? Leup jz) (Sup ll), 


kas > sup |¢|? (sok — sup | H| sup |ġ| + nc — nono.) (3.22) 


ae where 

r Zaup (Sup |) = sup of? - ZE 

= n(n — 1) 

~ Therefore, we can conclude from (3.19) and (3.22) that sup |¢|? = 0. That is, |p|? = 0 which shows 

M” is totally umbilical. This completes the proof of Theorem 1.6. 
If L? ™ is a de Sitter space S/**(c) in Theorem 1.6, then —& = cg = c and R = aH +c- b. 


Hence, we obtain the following corollary. 


sup |H | sup |¢| + ne — n sup H?. 


Corollary 3.4. Let M” (n > 3) be a complete spacelike hypersurface in a de Sitter space S}! (c). 
Suppose that M” has bounded mean curvature H. If the normalized scalar curvature R and the 


mean curvature H of M” satisfy the following conditions: R = aH + c— b, (n — 1)a? + 4nb > 0, 


a20 andb< 2°, where a and b are constants, then M” is totally umbilical. 


Q n? 
Proof of Theorem 1.8. First we consider the quadratic form 


n—-2 2 


D(u, v) = u? — uv — v (3.23) 


n— 1 


and the orthogonal transformation 


u= = (1 +vn- 1u +(1- vn- 1)], 
va (3.24) 
v= Tan [(Wn —1- 1)u+ (Vn —1+1)0] 
Using (3.24), we can rewrite (3.23) as follows 
D(u,v) = D,D) = —~—— (T — 0”) 
aye Po e (3.25) 
Pa a 
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From (3.24), we have 
u+ =T +o". (3.26) 


Take u = |¢| and v = yn|H|. Substituting u and v into (3.23) and using (3.25), we have 


n(n — 2 
jo)? - A=) ar1\6| + ne — nH? = ne + D(\6}, VAM) 
\/n(n — 1) 
ee 3.27 
nc ina v^) ( ) 
n Oe 0 NT 2 
=ne- ——— + 
E jaa ra n—-1 
From (3.26), we have u? + v? =u? + 0? = ||? + nH? = S. Hence, it follows from (3.27) that 
lol? — 2) je 4+ne—nH? > nc- —— sS (3.28) 
J/n(n— 1) j 2yn=1 ` l 


If M” is maximal, i.e., H = 0, according to Nishikawa’s result [14], we know that M” is totally 
geodesic. We can assume that H is not identically zero. By changing the orientation of M” if 
necessary, we may assume sup H > 0. Since S = n? H? + n(n — 1)(aH — b) in (3.3), combining 
sup S < 2\/n— Ic and a > 0, we can conclude that H is bounded. Hence, by Proposition 3.3 we 
can obtain a sequence of points {x} € M” such that 


m sup (L(nH)(xx)) < 0, lim (n—7)(x,) = sup(nH) > 0. (3.29) 


k= 
From (2.10), (3.18) and (3.29), we have 
lim S(x,) = sup S. (3.30) 
k— oo 
Combining (3.22), (3.28) and (3.30), we obtain 
0 > lim sup (L(nH)(ax)) 
k= 


—2 
aE su | sup [o tne- np) (3.31) 


nn — 


> sup |¢l* (sor = 


> sup |¢|? (ne as) ; 


Since sup S < 2\/n — 1c, we conclude from (3.31) that sup |¢|? = 0. That is, ||? = 0 which shows 
M” is totally umbilical. This completes the proof of Theorem 1.8. 
If Li +! is a de Sitter space S/*1(c) in Theorem 1.8, then —“ = cz = c and R=aH+c—b. 


n 


Thus, we obtain the following corollary. 


Corollary 3.5. Let M"(n > 3) be a complete spacelike hypersurface in a de Sitter space S}*'(c). 
Suppose that the squared length S of the second fundamental form of M” satisfies sup S < 2\/n — Ic. 
If the normalized scalar curvature R and the mean curvature H of M” satisfy the following 
conditions: R = aH + c— b, (n — 1)a2 + 4nb > 0 and a > 0, where a and b are constants, 


then M” is totally umbilical. 


Remark 3.6. Let a = 0 in Corollary 3.5, we know that R = c— b is constant and R < c. Hence, 


Corollary 3.5 is a generalization of Theorem 1.5. 
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4 Compact linear Weingarten spacelike hypersurfaces in a 


locally symmetric Lorentz space L?™! satisfying (+) 


According to Cheng and Yau [O given in [7], we introduce a self-adjoint operator O acting on 


any C?-function f by 


(f) = X (nH; — hij) fij- (4.1) 
i,j 
In order to prove Theorems 1.11 and 1.13, we need the following proposition. 
Proposition 4.1. Let M” (n > 3) be a spacelike hypersurface in a locally symmetric Lorentz space 
Le satisfying (*). If the normalized scalar curvature R and the mean curvature H of M” satisfy 
the following conditions: R = aH + bı, bı = en Paget Rijji — b, (n — 1)a? + 4nb > 0, where 


a,b and bı are constants, then 


(nH) > -3A (n(n — DR) + [ØP Limi) (4.2) 


where |ġ|? = S—nH?, Lyx\(\¢|) = lol? — Tay Hol +nce—nH?, c= 2c +% >0 and c1, c2 
are given as in (x). 
Proof. Choose a local orthonormal frame field {e1,...,en} such that hi; = Aiĝij. Noticing that 


nHA(nH) = 4A(nH)? — n?|VH|?, it follows from (2.3) and (4.1) that 


(nH) =S 0 (nH6i; — hij) (nH) 


tJ 


=; A(nH)? —n?|VAl/? -J AMH) (4.3) 


aai RnR LAs IVP — O(n 


t 


Thus, we conclude from (2.12) and (4.3) that 


1 
(nH) > -54 (n(n — 1)R) + XO h?r — n| VH}? + Jol La (lel), (4.4) 
i,j,k 


where |ġ|? = S — nH? and Lyy(|¢|) = ll? — es Hle +ne—nH?. 


Hence, (4.2) follows from (3.8) and (4.4). Finally, Proposition 4.1 is proved. 


Proof of Theorem 1.11. By using the similar processing as in the proof of Theorem 1.6 on the 


inequality Lsup |r\(sup ||) > 0, we obtain 


n(n — 2) 
/n(n — 1) 


Since M” is compact and O is self-adjoint operator, we get 


Lin\(I9l) = l4? — |H||¢] + ne— nR? > 0. (4.5) 


f (nH jdum» =0. (4.6) 
M” 


From (4.2) and (4.6), we get 
0> f oP Lua (óld (4.7) 


where |ġ|? = S — nH? and Lig (lól) = ll? — es Hle +ne—nH?. 
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Hence, we can conclude from (4.5) and (4.7) that |¢|? = 0 which shows M” is totally umbilical. 


This completes the proof of Theorem 1.11. 


When L'** is a de Sitter space S{*'(c) in Theorem 1.11, we know that -2 = cz = c and 


R=aH-+c-—b. Thus, we obtain the following corollary. 


Corollary 4.2. Let M"(n > 3) be a compact spacelike hypersurface in a de Sitter space S9! (c). If 
the normalized scalar curvature R and the mean curvature H of M” satisfy the following conditions: 
R=aH +c—}, (n-— 1)a? + 4nb > 0, a 2 0 and b < 2, where a and b are constants, then M” is 
totally umbilical. 

Remark 4.3. When we take a = 0 in Corollary 4.2, we obtain that R = c — b is constant and 
n=2¢ < R< c. Thus, Corollary 4.2 is a generalization of Theorem 1.9. 
Proof of Theorem 1.13. From (3.28) and (4.7), we obtain 


0> 2 { ne- —— 8 \ dumn. 4.8 
fw (ne -a ) a (4.8) 


Since S$ < 2\/n — Ic, we can conclude from (4.8) that |¢|? = 0 which shows M” is totally umbilical. 
This completes the proof of Theorem 1.13. 


When L'** is a de Sitter space S[?*'(c) in Theorem 1.13, we know that —& = cz = c and 


R=aH +c—b. Thus, we obtain the following corollary. 


Corollary 4.4. Let M"(n > 3) be a compact spacelike hypersurface in a de Sitter space S}*'(c). 
Suppose that the squared length S of the second fundamental form of M” satisfies S < 2,/n — 1c. If 
the normalized scalar curvature R and the mean curvature H of M” satisfy the following conditions: 
R=aH +c—b and (n—1)a? + 4nb > 0 anda > 0, where a and b are constants, then M” is 
totally umbilical. 

When we take a = 0 in Corollary 4.4, we obtain that R = c — b is constant and R < c. Thus, 


we obtain the following corollary. 


Corollary 4.5. Let M"(n > 3) be a compact spacelike hypersurface in a de Sitter space SY™ (c) 
with constant normalized scalar curvature R, R < c. If the squared length S of the second funda- 
mental form of M” satisfies S < 2yn — 1c, then M” is totally umbilical. 
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